Abstract. In 1963, Moon and Moser gave a bipartite analogue to Ore's famed theorem on hamiltonian graphs. While the sharpness examples of Ore's Theorem have been independently characterized in at least four different papers, no similar characterization exists for the Moon-Moser Theorem. In this note, we give such a characterization, consisting of one infinite family and two exceptional graphs of order eight.
A bipartite graph G is balanced if both of its partite sets are the same size. For any pair of vertices x and y on P , we let xP y denote the path from x to y on P . Let σ 2 (G) denote the minimum degree sum over all pairs of nonadjacent vertices in G. For a bipartite graph G, let σ 2 2 (G) denote the minimum degree sum of nonadjacent vertices lying in different partite sets of G.
In 1960 [6] , Ore proved the foundational result that any graph G of order n ≥ 3 with σ 2 (G) ≥ n is hamiltonian. Subsequently, in 1963, Moon and Moser [4] proved an analogous result for bipartite graphs, which has since inspired a number of investigations into the cycle structure of bipartite graphs.
Theorem 1 (The Moon-Moser Theorem). If G is a balanced bipartite graph of order 2n ≥ 4 with σ 2 2 (G) > n, then G is hamiltonian. The collection of graphs demonstrating the sharpness of Ore's Theorem has been characterized (independently) in a number of different papers, including [1, 2, 3] and [5] . Specifically, if G is a nonhamiltonian graph of order n ≥ 3 with σ 2 (G) = n − 1 then G is either two complete graphs intersecting in a single vertex or
. Curiously, we are unable to find an analogous characterization of the sharpness examples for the Moon-Moser Theorem. It is the goal of this note to give such a characterization.
Given an integer n ≥ 2 and any t with 1 ≤ t ≤ n − 1, define H t,n−t to be the graph formed from K t,t ∪ K n−t,n−t by selecting one partite set of each graph and adding all possible edges between these sets. Any bipartite graph G such that K t,t ∪ K n−t,n−t ⊆ G ⊆ H t,n−t is nonhamiltonian and has σ 2 2 (G) = n, establishing the sharpness of the Moon-Moser Theorem. We prove that, along with the two small order exceptions pictured in Figure 1 , such graphs are the only sharpness examples.
Theorem 2. If G is a balanced, nonhamiltonian bigraph of order 2n with σ 2 2 (G) = n, then either G is one of G 1 or G 2 , or Proof. We begin by adding edges to G to obtain a maximal nonhamiltonian bipartite graph B, and observe that σ 2 2 (B) ≥ n. Specifically, given Theorem 1, we may assume that equality holds. Let X and Y denote the partite sets of B and select nonadjacent vertices x in X and y in Y so that, via the maximality of B, there is a x − y hamiltonian path x = x 1 y 1 x 2 y 2 . . . x n y n = y in B. Call this path P .
Observe that if x is adjacent to y j for some j then necessarily y is not adjacent to x j , as xP x j yP y j x would comprise a hamiltonian cycle in B. As d(x) + d(y) ≥ n, it follows that equality must hold and, for any i with 1 ≤ i ≤ n, either x is adjacent to y i or y is adjacent to x i , but not both. With this in mind, we will say that S i := {x i , y i } is an x-pair with respect to P if xy i is an edge in B, and that S i is a y-pair with respect to P if x i y is an edge in B. For any other x − y hamiltonian path P in B, we can define x -and y -pairs with respect to P in a similar manner.
We wish to show that P , traversed from x to y, consists of t consecutive xpairs, followed by n − t consecutive y-pairs for some t, 1 ≤ t ≤ n − 1. We proceed by contradiction and use the pair structure outlined above, with respect to P and several other hamiltonian paths in B, to demonstrate the existence of a hamiltonian cycle. We may also, for the moment, assume that n ≥ 4, as this assertion is trivial if n = 3. Suppose then for some j and k with j +k+1 < n, that S 1 , . . . , S j are x-pairs, S j+1 , . . . , S j+k are y-pairs, and S j+k+1 is an x-pair. As x j+1 lies in a y-pair, y j has no neighbor x j where j > j and S j is an x-pair, as then y j P xy j P yx j+1 P x j y j is a hamiltonian cycle in B.
By definition, S n is a y-pair, and we assume first that there is some other y-pair S with j + k + 2 ≤ ≤ n − 1. Choose to be minimal under this condition, so that S −1 is an x-pair. We note first that P = y j P xy −1 P yx j+1 P x −1 is a y j − x −1 hamiltonian path. We proceed by analyzing y j -pairs and x −1 -pairs with respect to P .
First, suppose that S n−1 is a y-pair, so that x n−1 is adjacent to y. As we traverse P from y j to x , {y n−1 , x n } is either an x −1 -pair or a y j -pair with respect to P . If x −1 y n−1 is an edge of B, then x −1 y n−1 x n yx n−1 P y −1 xP x −1 contradicts the assumption that B is nonhamiltonian. Similarly, if y j x n is an edge of B, we obtain a contradiction via the hamiltonian cycle y j x n P x yx j+1 P y −1 xP y j .
We conclude, therefore, that S n−1 is an x-pair, and we select the minimum t > such that S t is an x-pair, but S t−1 is not. It is possible to find such a t due to the fact that S is a y-pair, but S n−1 is an x-pair. Now, {y t−1 , x t } is either an x −1 or a y j -pair with respect to P . As was observed above, y j cannot be adjacent to x t , as t > > j. Thus, we may assume that x −1 y t−1 is an edge of B, an impossibility as then x −1 y t−1 P yx t−1 P y −1 xP x −1 would be a hamiltonian cycle in G. This implies that no such index exists.
Consequently, S 1 , . . . , S j and S j+k+1 , . . . , S n−1 are x-pairs and S n along with S j+1 , . . . , S j+k are y-pairs. By symmetry, the fact that S n−1 must be an x-pair implies that S 2 must be a y-pair, so that S 2 , . . . , S k+1 and S n are the only y-pairs with respect to P .
If n ≥ 5, we may assume without loss of generality that S 2 and S 3 are both y-pairs with respect to P , and we observe that this implies that the path P = x k+2 P x 3 yP y k+2 xy 1 x 2 y 2 , depicted in Figure 2 is a hamiltonian path in B. This means that {x, y 1 } is either a y 2 -pair or an x k+2 -pair with respect to P . Since S 2 is a y-pair with respect to P , xy 2 ∈ E(G). Thus, x k+2 must be adjacent to y 1 , leading to the hamiltonian cycle x k+2 P x 2 yP y k+2 xy 1 x k+2 . Figure 2 . The hamiltonian path P connecting x k+2 in the x-pair S k+2 and y 2 in the y-pair S 2 . Shaded boxes represent y-pairs.
If n = 4 and P does not consist solely of consecutive x-pairs followed by consecutive y-pairs, it must be the case that S 1 and S 3 are x-pairs, while S 2 and S 4 are y-pairs. Therefore, in addition to the edges on P , we have the edges xy 3 and yx 2 . It is straightforward to verify that the presence of any edge except x 2 y 3 results in a hamiltonian graph. Also, we observe that P ∪ xy 3 ∪ yx 2 is isomorphic to G 1 and also that B, which by maximality must also contain x 2 y 3 , is isomorphic to G 2 . Therefore, G 1 and G 2 are the only possible nonhamiltonian bigraphs when P does not consist of consecutive x-pairs followed by consecutive y-pairs.
Hence, for some t we have that S 1 , . . . , S t are x-pairs and S t+1 , . . . , S n are ypairs. Therefore, for any i and j with 1 ≤ i ≤ t < j ≤ n, x i and y j must be nonadjacent. Otherwise, xP x i y j P yx j P y i x is a hamiltonian cycle in B. Since x 1 , . . . , x t , y t+1 , . . . , y n comprise an independent set, it follows that G ⊆ B ⊆ H t,n−t , and by our maximality assumption we conclude that B ∼ = H t,n−t . All that remains to complete the proof is the observation that removing any edge x i y j where either 1 ≤ i, j ≤ t or t + 1 ≤ i, j ≤ n from B results in a graph with σ 2 2 < n. Thus, K t,t ∪ K n−t,n−t ⊆ G, as desired.
